Lagrange’s Identity and
Congressional Apportionment

Tommy Wright

Abstract. This note makes use of Lagrange’s Identity to provide a bridge between an insightful
motivation and an elementary derivation of the method of equal proportions. The method of
equal proportions is the current method for apportioning the 435 seats in the U.S. House of
Representatives among the 50 states, following each decennial census.

1. INTRODUCTION. Following each decennial census of the United States, the
method of equal proportions has been used since the 1940 Census to reallocate or reap-
portion the 435 seats in the U.S. House of Representatives among the states, according
to their latest population counts. For a scholarly, technical, and historical presentation
of previous methods that have been used, see [3]. Surprisingly, the computational de-
tails of the method of equal proportions are unknown to many, though the details are
quite simple. Moreover, the rationale for the method of equal proportions seems a bit
mysterious. This note makes use of Lagrange’s Identity to provide a bridge between an
insightful motivation and an elementary derivation of the method of equal proportions.

Based on early work by [6], the method of equal proportions (Working Rule) is
due to Huntington [7, 8]. Huntington’s proof of optimality [8] is indirect and lacks
motivation for many. In collaboration with Huntington, Owens [9] takes a statistical
approach, using weighted least squares as motivation for deriving the method of equal
proportions (also see [12]). Wright and Cobb [11] provide an elementary exposition.
While others have sought to highlight and compensate for the limitations of the method
of equal proportions (e.g., [1, 4], and [5]), this is not the objective of this note. We use
Lagrange’s Identity to further clarify why the method of equal proportions helps to
meet the following requirement as expressed in Article 1, Section 2, Clause 3 of the
United States Constitution: “Representatives ... shall be apportioned among the sev-
eral states . ..according to their respective numbers ... The number of Representatives
shall not exceed one for every thirty thousand, but each state shall have at least one
Representative ...”

2. DERIVATION USING LAGRANGE’S IDENTITY.

2.1. Notation and the Method of Equal Proportions. Following the presentation
in [12], let H; be the number of seats to be assigned to state i with population P;
fori =1,2,...,50. Also let P = ), P; be the total population of the states and
H =), H; be the total number of seats in the U.S. House of Representatives. For all
states i and j where i # j, “the state value P;/H; should be as nearly equal as possible
to the state value P;/H;” was taken by Huntington [7] as a fundamental principle.
Huntington’s definition of “inequality” was relative difference, i.e.,
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His precise formulation of the problem is as follows.

Postulate I. For two states, i and j, the relative difference between P;/H; and P;/H;
should be as small as possible.

Postulate I1. In a satisfactory apportionment, there should be no pair of states capa-
ble of being “improved” by a transfer of representatives within that pair—the word
“improvement” being understood in the sense implied by Postulate .

These postulates lead to the following theorem.

Theorem. For any given values of Py, P>, P, ..., Psog and H, there will always be
one and only one “satisfactory” apportionment in the sense defined by Postulates 1
and I1.

Formally and in practice, the method of equal proportions (or Huntington’s Method)
for satisfactory apportionment can be stated in terms of the following 3-step working
rule.

Working Rule (Method of Equal Proportions)

Step 1: First, assign one seat (or Representative) to each state.

Step 2: Compute the array of priority values, where each row corresponds to one
of the states (for simplicity, we assume that the states are ordered so that
Pir=P>P>---= Ps):

P P, P
V12 V23 /34 ’

I A
V12 23 J3-4 ’

Ps Ps Psg
V122 /2.3 /3.4

Step 3: Pick the H — 50 largest priority values from the array in Step 2, along with
the associated states. Each state gets an additional seat each time one of its
priority values is among the H — 50 largest values.

The largest priority values will be those in which the numerator is large (states with
larger populations) and the denominator is small (that is, /1 -2,+4/2-3,4/3-4,...).

In practice, the computation of priority values for any state may stop with the last
result greater than %, where P is the total population of all the states, and H' is a
number larger than the largest value of H likely to be required [7].
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2.2. An Insightful Motivation. Motivated by Huntington’s formulation of the prob-
lem (Postulates I and II), for fixed P; and P; and the constraint Zfil H; = H, we want
to determine H; so that

- =7 2
H, H;
for all i and j, such thati < j.

For state i, the ratio % is the number of persons represented by a Representative;
and (2) expresses the desire to have the number of persons represented by a Represen-
tative from state i be equal to the number of persons represented by a Representative
from state j for all i and j fori < j.

Equivalently, for all i and j such thati < j, (2) can be written as

P P, B

For the given values of P; and the constraint that Z _, Hi = H, equality is rarely
possible, so we seek to determine H; so that the differences on the left-hand side of (3)
are as near to 0 as possible. Hence, mathematical ease leads us to determine H; subject
to the constraint Zfﬁl H; = H that minimizes the sum of squares

2 (%ﬁ—\%ﬁy 4

1<i<j<50

2.3. Lagrange’s Identity. For any real numbers ay, a,,...,a,,b1,b,, ..., b,, La-
grange’s Identity (see, for example, [2, p. 27] and [10])

follows easily from mathematical induction.
Taking a; = %, b; = /H;, and n = 50, (5) becomes

(E5)(Zn)-(2) - = (Fvm-Fvm) - o

So minimizing (4) is now equivalent to minimizing the left-hand side of (6). But be-
cause (Zfil P;)? is fixed following a specific census and Zfﬂl H; = H where H is
fixed, minimizing the left-hand side of (6) is equivalent to minimizing

From (7), we can obtain the Working Rule following the derivation in Section 2 of
[12], which is highlighted in the remainder of this note for convenience to the reader.
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Note that

1 1 1 1 1
— =1 - - —————— (8)
H, 1-2 2.3 3.4 (H; — 1) - (H;)

and the result in (7) becomes

50

2 () =22 (5 )

i=1

Because Zfﬂl P? is fixed, we determine H,, H,, ..., Hs, subject to Zfﬂl H =H
to maximize

X p2 p? p?
;(W+ﬁ+”'+(m—1>(m)>' ®

Now (9) is maximized by picking the largest terms in the overall sum, subject to the
constraint.

Because H is fixed and each state must have at least one Representative, we see that
(9) will be maximized, our contraint will be satisfied, and each state will have at least
one Representative if

(i) first each state is assigned one seat, and
(ii) then each state receives an additional seat each time it has a term in (9) that
appears among the H — 50 largest terms in (9).

Because P; and H; are all positive, selecting the H — 50 largest terms among

P} P? P?

l

1-2°2-37"" (H — )(H)

fori =1,2,...,50is the same as selecting the H — 50 largest terms among

P _P P

V1.2 V23 JH = D(H)

(10)

fori =1,2,...,50.

Note that for (8) and (9) to be valid, we must have H; > 2. Because each state gets
at least one seat, we will only need to consider states to see if they get additional seats,
and in these cases H; > 2. Thus, we have derived the method of equal proportions.

3. CONCLUDING REMARK. As was noted by one of the referees, the appropriate
criterion to use for selection of a reasonable method of apportionment is a topic of
considerable mathematical interest and controversy. Seemingly equivalent criteria can
lead to quite different methods. For example, exchanging P and H in equation (2)
leads to an equally reasonable desire to have

= = )
foralli < j.
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Following through with the analogous details of (3), (4), (5), and (6) leads to choos-
ing H; to minimize

50 g2
i 7
> P (7)
i=1

subject to ), H; = H. However, as is shown in [9, p. 963-964] and noted in [7, p.

868], this leads to the method of major fractions advocated by Willcox, whose deriva-
tion is given as follows from (7’). For any positive integer H;, we have

H'=1+43+5+---+ QH - ).

Hence, (7') becomes

Thus, from an array as follows (where for convenience and without loss of generality
we continue to assume P; > Py > --- > Ps),

) 1.5 2.5
P PP
S 1.5 25
P, P, P
) 1.5 25
Psy  Psp Psp

we pick the entry in the first position of each row, because each state gets one seat
initially, and then we pick the H — 50 = 385 smallest entries in columns 2, 3, ...of
this array and use as H; the total number of entries selected from row i.

Alternatively, from the array below,

P P P
5 15 25
P, P P
5 15 25
5 1.5 25

we pick the entry in the first position of each row, because each state gets one seat
initially, and then we pick the H — 50 = 385 largest entries in columns 2, 3, ... of this
array and use as H; the total number of entries selected from row i.
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Furthermore, [3, pp. 103—104] shows that Webster’s Method minimizes the function
in (7') where Webster’s method is given as follows.

Webster’s Method. Find a divisor Dy such that
P;
2[5]-n
— LDw

where [x] is the nearest integer to x, and assign
5.

Hi=|—-

Dy

Disclaimer. This note is published to inform interested parties of research and to en-
courage discussion. The views expressed are those of the author and not necessarily
those of the U.S. Bureau of the Census.

seats to state i.
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